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Recent measurements of the lepton mixing angle θ13 by the Daya Bay and RENO reactor experiments are
consistent with the relationship θ13 ≈ θC/
√
2 where θC is the Cabibbo angle. We propose Tri-Bimaximal-
Cabibbo (TBC) mixing, in which sin θ13 = sin θC/
√
2, sin θ23 = 1/
√
2 and sin θ12 = 1/
√
3. We show that
TBC mixing may arise approximately from tri-bimaximal, bi-maximal or Golden Ratio neutrino mixing,
together with Cabibbo-like charged lepton corrections arising from a Pati–Salam gauge group, leading
to predictions for the CP-violating phase of δ ≈ ±90◦,±180◦,±75◦, respectively. Alternatively, we show
that TBC neutrino mixing may realised accurately using the type I see-saw mechanism with partially
constrained sequential right-handed neutrino dominance, assuming a family symmetry which is broken
by a ﬂavon common to quarks and neutrinos.
© 2012 Published byElsevier B.V. Open access under CC BY license.1. Introduction
It is one of the goals of theories of particle physics beyond
the Standard Model to predict quark and lepton masses and mix-
ings, or at least to relate them. While the quark mixing angles are
known to all be rather small, by contrast two of the lepton mix-
ing angles, the atmospheric angle θ23 and the solar angle θ12, are
identiﬁed as being rather large [1]. This is usually interpreted as
demonstrating that quark mixing is very different from lepton mix-
ing. However the smallest remaining angle, the reactor angle θ13,
has recently been measured and its value shown to be not that
small. We shall discuss the implications of the observation that the
smallest lepton mixing angle, θ13, may be related to the largest
quark mixing angle, the Cabibbo angle, θC , providing a possible
link between lepton and quark mixing.
Early indications for θ13 from global ﬁts were given in [2]. Di-
rect evidence for θ13 was ﬁrst provided by T2K, MINOS and Double
CHOOZ [3–5]. Global ﬁts including these results were subsequently
given in [6,7]. Recently, Daya Bay [8] have measured,
sin2 2θ13 = 0.092± 0.016(stat.) ± 0.005(syst.), (1)
while, shortly afterwards, RENO [9] have measured,
sin2 2θ13 = 0.113± 0.013(stat.) ± 0.019(syst.). (2)
The global ﬁts for the solar and atmospheric in [6,7], together with
the above Daya Bay and RENO results for the reactor angle, lead to
the approximate one sigma ranges for the lepton mixing angles,
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Open access under CC BY license.θ13 = 9◦ ± 1◦, θ12 = 34◦ ± 1◦, θ23 = 45◦ ± 5◦. (3)
The above results from the Daya Bay and RENO reactor exper-
iments are consistent with a remarkable relationship between the
smallest lepton mixing angle θ13 and the largest quark mixing an-
gle, θC , namely θ13 ≈ θC/
√
2, where the Cabibbo angle θC ≈ 13◦
implies θ13 ≈ 9.2◦ . In Section 2 we combine this relation with
maximal atmospheric mixing and trimaximal solar mixing to give
Tri-Bimaximal-Cabibbo (TBC) mixing in which sin θ13 = sin θC/
√
2,
sin θ23 = 1/
√
2 and sin θ12 = 1/
√
3. In Section 3 we show how
approximate TBC mixing may emerge from tri-bimaximal, bi-
maximal or Golden Ratio neutrino mixing, by invoking Cabibbo-
like charged lepton corrections, leading to approximate predictions
for the CP-violating phase of δ ≈ ±90◦,±180◦,±75◦ , respectively.
The required Cabibbo-like charged lepton mixing may be present
in Pati–Salam models with a particular Clebsch structure. Alterna-
tively, in Section 4, we show how accurate TBC neutrino mixing
may arise from the type I see-saw mechanism with partially con-
strained sequential right-handed neutrino dominance. This may be
realised in models with a family symmetry where a misaligned
ﬂavon is common to both the neutrino and quark sectors. The
summary and conclusions are given in Section 5.
2. Tri-bimaximal-Cabibbo mixing
The recent data is consistent with the remarkable relationship,
s13 = sin θC√
2
= λ√
2
, (4)
where λ = 0.2253 ± 0.0007 [1] is the Wolfenstein parameter. This
relationship is an example of “Cabibbo Haze” [10], the general
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lepton as well as quark mixing, where it appears as the Wolfen-
stein parameter in the parametrisation of the CKM matrix. It was
proposed earlier in the context of “Quark–Lepton Complementari-
ty” (QLC) in which θ12+θC = 45◦ [11], and even earlier still in [12].
For related approaches see [13]. Our approach in Section 3 relies
on maximal atmospheric mixing but the solar angle is determined
by “Sum Rules” [14], which differ from the QLC relation. These ex-
amples illustrate that the value of the solar angle is independent of
the relation in Eq. (4). On the other hand, phenomenology is con-
sistent with a trimaximal solar angle as in Eq. (3), and furthermore
the approach in Section 4 suggests a trimaximal solar angle. It is
therefore natural to combine Eq. (4) with TB mixing, as discussed
below.
In terms of the combination measured by the reactor neutrino
experiments, Eq. (4) implies,
sin2 2θ13 = 2λ2
(
1− λ
2
2
)
≈ 0.099, (5)
in excellent agreement with the recent Daya Bay and RENO results
above. Furthermore the above ansatz implies a reactor angle of
θ13 ≈ θC√
2
≈ 9.2◦, (6)
where θC ≈ 13◦ is the Cabibbo angle.
Apart from the reactor angle, the measured and ﬁtted atmo-
spheric and solar angles are in good agreement with the ansatz of
Tri-Bimaximal (TB) mixing [15]. We are therefore led to combine
the relation in Eq. (4) with TB mixing to yield Tri-Bimaximal-
Cabibbo (TBC) mixing:
s13 = λ√
2
, s12 = 1√
3
, s23 = 1√
2
. (7)
In terms of the TB deviations parameters deﬁned in [16], this cor-
responds to r = λ with s = a = 0. Using the second order expansion
in [16], Eq. (7) then leads to the following approximate form of the
mixing matrix,
UTBC ≈
⎛
⎜⎜⎝
√
2
3 (1− 14λ2) 1√3 (1−
1
4λ
2) 1√
2
λe−iδ
− 1√
6
(1+ λeiδ) 1√
3
(1− 12λeiδ) 1√2 (1−
1
4λ
2)
1√
6
(1− λeiδ) − 1√
3
(1+ 12λeiδ) 1√2 (1−
1
4λ
2)
⎞
⎟⎟⎠ P
+O(λ3), (8)
corresponding to the mixing angles,
θ13 ≈ 9.2◦, θ12 = 35.26◦, θ23 = 45◦. (9)
3. TBC mixing from charged lepton corrections
In a typical convention (see e.g. [18]) the PMNS matrix may be
constructed as,
U = UeUν† (10)
where in models, Ue is related to the left-handed rotations in-
volved in diagonalising the charged lepton mass matrix Me , and
Uν is related to the matrix that diagonalises the left-handed Ma-
jorana neutrino mass matrix mν . A particular model typically has
a preference for a particular basis in which Me and mν take a par-
ticular form, leading to Ue and Uν having also particular forms
which may be separately parameterised by e and ν mixing an-
gles in analogy with the PDG parameterisation. Here we show how
Eq. (6) can simply arise from a zero neutrino mixing angle θν13 ≈ 0
with Cabibbo-like charged lepton corrections θe ≈ θC .12In many grand uniﬁed theories (GUTs) (for some recent ex-
amples see e.g. [17]) the charged lepton mixing angles are dom-
inated by θe12  θe13, θe23. Furthermore, assuming θe12  θν13, it has
been widely observed that charged lepton corrections then im-
ply [18,19],
θ13 ≈ θ
e
12√
2
. (11)
Note that the factor of 1/
√
2 arises from maximal atmospheric
neutrino mixing. In order to achieve Eq. (6) we need only assume
that the dominant charged lepton angle θe12 is equal to the Cabibbo
angle,
θe12 ≈ θC . (12)
Then Eqs. (11) and (12) imply,
θ13 ≈ θC√
2
≈ 9.2◦, (13)
in agreement with Eq. (6).
3.1. Simple neutrino mixing patterns
Below we give three classic examples of simple patterns of mix-
ing in the neutrino sector which all have θν13 = 0 and θν23 = 45◦ ,
namely Tri-Bimaximal (TB) neutrino mixing [15], Bi-Maximal (BM)
neutrino mixing (see e.g. [20,21] and references therein), and the
Golden Ratio (GR) neutrino mixing [22,23]. They all lead to solar
mixing angle Sum Rules [14] involving the physical CP-violating
oscillation phase δ [1],
θ12 ≈ θν12 +
θC√
2
cos δ, (14)
where θν12 = 35.26◦,45◦,31.7◦ for the case of TB, BM, GR1 neu-
trino mixing respectively, where we have used the prediction in
Eq. (13). Note that the Sum Rule is subject to (typically small) cor-
rections due to renormalisation group running and canonical nor-
malisation effects [25]. Given the prediction in Eq. (13) for θ13, the
sum rule in Eq. (14) then yields a favoured range of cos δ in each
case which may be tested in proposed neutrino experiments [26].
We discuss this in more detail below for each of the three cases:
3.1.1. TB mixing in the neutrino sector
sν13 = 0, sν12 =
1√
3
, sν23 =
1√
2
, (15)
together with charged lepton corrections
θe12 ≈ θC ≈ λ  θe13, θe23 (16)
yields to ﬁrst order in θe12 [14],
s13 ≈ λ√
2
, s12 ≈ 1√
3
+ λ√
3
cos δ, s23 ≈ 1√
2
. (17)
This is not quite of the TBC form in Eq. (7) due to the large devi-
ation in the solar angle, leading to the approximate linear relation
between the solar angle and cos δ,
θ12 ≈ 35.26◦ + 9.2◦ cos δ. (18)
Thus TB neutrino mixing implies that cos δ ≈ 0 or δ ≈ ±90◦ in
order that the solar angle does not deviate to much from its TB
value.
1 Note that there is an alternative version of GR mixing where cos θν13 = φ/2 and
θν12 = 36◦ [24]. This leads to the Sum Rule θ12 ≈ 36◦ +9.2◦ cos δ, numerically similar
to the case of TB neutrino mixing.
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sν13 = 0, sν12 =
1√
2
, sν23 =
1√
2
, (19)
together with charged lepton corrections
θe12 ≈ θC ≈ λ  θe13, θe23 (20)
yields to ﬁrst order in θe12 [14],
s13 ≈ λ√
2
, s12 ≈ 1√
2
+ λ
2
cos δ, s23 ≈ 1√
2
. (21)
Again this is not quite of the TBC form in Eq. (7) due to the large
deviation in the solar angle, leading to the approximate linear re-
lation between the solar angle and cos δ,
θ12 ≈ 45◦ + 9.2◦ cos δ. (22)
Thus BM neutrino mixing implies that cos δ ≈ −1 or δ ≈ ±180◦ in
order to achieve a solar angle θ12 ≈ 35.8◦ which lies within two
sigma above the global best ﬁt value. Note that this is a very dis-
tinct prediction from the above case of TB neutrino mixing where
we predict δ ≈ ±90◦ .
3.1.3. Golden Ratio neutrino mixing
sν13 = 0, sν12 =
1√
1+ φ2 , s
ν
23 =
1√
2
, (23)
where the Golden Ratio is φ = (1 + √5)/2, together with charged
lepton corrections
θe12 ≈ θC ≈ λ  θe13, θe23 (24)
yields to ﬁrst order in θe12 the relation,
s13 ≈ λ√
2
, s12 ≈ 1√
1+ φ2 +
λ√
2
φ√
1+ φ2 cos δ,
s23 ≈ 1√
2
. (25)
As before, this is not quite of the TBC form due to the deviation in
the solar angle, leading to the approximate linear relation between
the solar angle and cos δ,
θ12 ≈ 31.7◦ + 9.2◦ cos δ. (26)
Thus GR neutrino mixing implies that cos δ ≈ 0.25 or δ ≈ ±75◦
in order to achieve a solar angle θ12 ≈ 34◦ . This is closer to the
case of TB neutrino mixing where we predict δ ≈ ±90◦ , but is very
different from BM neutrino mixing where we predict δ ≈ ±180◦ .
3.2. Models with θe12 ≈ θC
A crucial assumption of the above approach is that the dom-
inant charged lepton mixing angle is equal to the Cabibbo angle,
namely that θe12 ≈ θC , as stated in Eq. (12). This provides a connec-
tion between the charged lepton sector and the quark sector which
may hint at some underlying quark–lepton uniﬁcation. However
traditional quark–lepton uniﬁcation models involve different rela-
tions, for example the Georgi–Jarlskog (GJ) [27] prediction would
be θe12 ≈ θC/3. Other more recent studies which consider large val-
ues of θe12 in GUT models [28,29] do not explain θ
e
12 ≈ θC . It there-
fore requires some discussion about how this might be achieved in
models.
Let us focus on the upper 2× 2 block of the mass matrices, as-
suming an approximately diagonal up-type quark Yukawa matrix.In order to achieve θe12 ≈ θC we propose a structure (in a LR con-
vention for mass matrices):
Yd2×2 ∝
(∗ cdλ
∗ cd
)
, Y e2×2 ∝
(∗ ceλ
∗ ce
)
(27)
where the factors of ce,d represents the effect of Clebsch coef-
ﬁcients in some uniﬁed model where the assumption of equal
Clebsch factor in the (1,2) and (2,2) elements leads to the re-
lation θe12 ≈ θC . For example the choice ce/cd = 3 gives the mass
relation mμ = 3ms at the GUT scale, which can be achieved in
GUTs as in the original GJ mechanism [27]. Note that there are
many ways to obtain the correct electron and down quark masses,
which depend on the unspeciﬁed elements denoted by “∗” above
(assumed to be smaller than the (2,2) element). For example, op-
erators exist which contribute to either the charged lepton or the
down quark mass matrix, but not both at the same time, in Pati–
Salam models [30,31].
It is not the purpose of this Letter to provide a detailed model,
but the general strategy is clear. One may start from some family
symmetry GF which is capable of yielding a simple pattern of neu-
trino mixing such as TB, BM or GR, for example GF = A4, S4, A5 as
discussed in many papers (for a review see e.g. [32]). Then one
must extend such a model to include both the quarks and leptons
by assuming a Pati–Salam gauge group, for example, with mass
matrices of the above form, leading to Cabibbo-like charged lepton
corrections. We emphasise that the key feature of this approach
is a Cabibbo-like charged lepton correction θe12 ≈ θC , starting from
a zero neutrino mixing angle θν13 ≈ 0. Other approaches to obtain
a large reactor angle are discussed in [33].
4. TBC mixing in the neutrino sector
In the previous section we showed how Eq. (4) could arise in
cases with θν13 ≈ 0 and θe12 ≈ θC . In this section we show how it
can arise in models with zero charged lepton corrections, namely
θν13 ≈ θC/
√
2 and θe12 ≈ 0. In order to achieve this we need to ex-
plain two things: (i) the appearance of the Cabibbo angle in the
neutrino sector, (ii) the factor of
√
2. In this section we show
that these features may arise starting from the type I see-saw
mechanism [34] with sequential right-handed neutrino dominance
(SD) [35].
In the ﬁrst subsection below we start by reviewing SD and
show how it can give the factor of
√
2 in Eq. (4). Although SD
is well known, it is instructive to go through these arguments to
see how the factor of
√
2 arises in θ13 from maximal atmospheric
neutrino mixing, and to set the scene for the vacuum alignments
which follow. In the subsequent subsection we show how these
assumptions may be justiﬁed dynamically starting from a family
symmetry, based on symmetry breaking ﬂavons with particular
vacuum alignments. In the ﬁnal subsection we show how one of
the ﬂavons involving λ must appear in both the neutrino and quark
sectors in order to account for both the reactor angle and Cabibbo
mixing in the quark sector.
4.1. Sequential right-handed neutrino dominance
First consider the case of single right-handed neutrino dom-
inance where only one right-handed neutrino Nc3 of heavy Ma-
jorana mass M3 is present in the see-saw mechanism, namely
the one responsible for the atmospheric neutrino mass m3 [35].
If the single right-handed neutrino couples to the three lepton
doublets Li in the diagonal charged lepton mass basis as,
H(dLe + eLμ + f Lτ )Nc3, (28)
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and H is the Higgs doublet, where it is assumed that d  e, f , so
that the see-saw mechanism yields the atmospheric neutrino mass,
m3 ≈
(
e2 + f 2) v2
M3
, (29)
where v = 〈H〉. Then the reactor and atmospheric angles are ap-
proximately given by simple ratios of Yukawa couplings [35],
θ13 ≈ d√
e2 + f 2 , tan θ23 ≈
e
f
. (30)
If the Yukawa couplings would satisfy the condition,( d
e
f
)
= a3
(
λ
1
1
)
, (31)
then Eqs. (30) and (31) imply,
θ13 ≈ λ√
2
, tan θ23 ≈ 1 (32)
which predicts the desired relation in Eq. (4), with the factor of√
2 arising from maximal atmospheric mixing. However we need
to show that this relation is not spoiled when other right-handed
neutrinos are included.
According to sequential dominance (SD) [35] the solar neutrino
mass and mixing are accounted for by introducing a second right-
handed neutrino Nc2 with mass M2 which couples to the three
lepton doublets Li in the diagonal charged lepton mass basis as,
H(aLe + bLμ + cLτ )Nc2, (33)
where a, b, c are Yukawa couplings (assumed real for simplicity).
Then the second right-handed neutrino is mainly responsible for
the solar neutrino mass, providing
(a,b, c)2/M2  (e, f )2/M3, (34)
which is the basic SD condition. Assuming this, then the see-saw
mechanism leads to the solar neutrino mass,
m2 ≈
(
a2 + (c23b − s23c)2
) v2
M2
, (35)
and the solar neutrino mixing is approximately given by a simple
ratios of Yukawa couplings [35],
tan θ12 ≈ a
(c23b − s23c) . (36)
So far the subdominant Yukawa couplings a, b, c are uncon-
strained. The presence of these couplings will in general affect the
reactor angle and destroy the relation in Eq. (4), since there is an
additional contribution of the form [35],
θ13 ≈ a(eb + f c)
(e2 + f 2)3/2
M3
M2
. (37)
It is clear that, if the lower two components of the two Yukawa
column vectors are orthogonal (i.e. if eb+ f c = 0) then the reactor
angle will be unaffected. Choosing the subdominant Yukawa cou-
plings to satisfy,(a
b
c
)
= a2
( 1
1
−1
)
, (38)
2 The full results including phases are discussed in [35].leaves the reactor angle unchanged from its value in Eq. (32), since
θ13 = 0, while Eqs. (36) and (38), together with maximal atmo-
spheric mixing, implies trimaximal solar mixing,
tan θ12 ≈ 1√
2
. (39)
Eqs. (32) and (39) realise TBC mixing as in Eq. (7), assuming no
charged lepton corrections.
Note that, in the limit λ → 0, Eqs. (31) and (38) are just
the conditions of constrained sequential dominance (CSD) where
the precise orthogonality of the columns was responsible for
θ13 = 0 [36], leading to TB mixing. Eqs. (31) and (38) with
a general parameter 	 instead of λ is referred to as partially con-
strained sequential dominance (PCSD), leading to Tri-Bimaximal-
Reactor (TBR) mixing [37]. Although the above argument is only
valid to leading order in λ, and m2/m3, TBR mixing is in fact re-
alised much more accurately than this as shown numerically [38]
and analytically [39].
4.2. Family symmetry and ﬂavons in the neutrino sector
In order to account for the equality of Yukawa couplings in
Eqs. (31) and (38) such as a = b = −c and e = f , we need to in-
troduce a family symmetry GF which is broken by ﬂavons ϕ with
particular vacuum alignments.
Let us therefore introduce a discrete family symmetry GF which
is broken by the VEVs of triplet ﬂavon ﬁelds which are aligned as
follows, where the alignment arises from the ﬂavon superpotential
in Section 2.3 of [39],
〈ϕ3〉 = v3
(
λ
1
1
)
, 〈ϕ2〉 = v2
( 1
1
−1
)
. (40)
The idea is that these ﬂavons are responsible for generating the
columns of the neutrino Yukawa matrix in Eqs. (31) and (38),
associated with the right-handed neutrinos Nc3 and N
c
2, respec-
tively.
For example, consider a very simple type I see-saw model,
based on G f = A4, as discussed in [39]. In this model we identify
the left-handed lepton doublets L and ﬂavons ϕi with A4 triplets,
while the right-handed neutrinos Nci and Higgs doublets Hu are A4
singlets. The neutrino part of the effective Lagrangian reads,
Lν ∼
3∑
i=2
(
LHu
ϕi
Mχi
Nci + Nci Nci
ϕiϕi
MΥi
)
, (41)
where the mixing term Nc2N
c
3ϕ2ϕ3 is forbidden by a choice of ap-
propriate messengers [39].
Inserting the Higgs and ﬂavon VEVs, whose alignment is dis-
cussed in [39], leads to the Dirac and right-handed Majorana neu-
trino mass matrices below,
mD =
( a2 a3λ
a2 a3
−a2 a3
)
v, MR =
(
M2 0
0 M3
)
. (42)
The Dirac mass matrix mD in Eq. (42), emerging from a family
symmetry, leads to the same result as the previous assumption
that the Yukawa couplings satisfy the constraints in Eqs. (31), (38).
The family symmetry therefore provides a justiﬁcation for the pre-
vious assumption.
Using the type I see-saw formula we can express the light neu-
trino mass matrix as
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≈ m2
3
( 1 1 −1
1 1 −1
−1 −1 1
)
+ m3
2
(
λ2 λ λ
λ 1 1
λ 1 1
)
, (43)
where we have written m3/2 ≈ a23v2/M3 and m2/3 ≈ a22v2/M2
from Eqs. (29) and (35). Eq. (43) leads to TBC mixing in Eq. (7),
with the deviations being of order λ2 (where phenomenologically
we assume m2/m3 ∼ λ) multiplied by small coeﬃcients, as dis-
cussed in [39]. This means that the order λ2 corrections to the
mixing matrix closely approximate to those shown in Eq. (8).
4.3. The charged fermion sector
In order to account for the appearance of the Wolfenstein pa-
rameter λ in Eq. (31) it is necessary that the ﬂavon involving λ
should be common to both the quark and neutrino sectors. We also
need to justify that the charged lepton Yukawa matrix is diago-
nal.
In order to account for the diagonal charged lepton Yukawa
structure we identify the right-handed charged leptons ec,μc, τ c
with A4 singlets, and distinguish them using Z4 symmetries as
discussed in [39]. The resulting effective charged lepton Lagrangian
then takes the form
Le ∼ 1
MΩe
Hd
(
Lϕτ τ
c + Lϕμμc + Lϕeec
)
. (44)
Inserting the ﬂavon VEVs
〈ϕτ 〉 = vτ
(0
0
1
)
, 〈ϕμ〉 = vμ
(0
1
0
)
, 〈ϕe〉 = ve
(1
0
0
)
,
(45)
whose alignment is discussed in [39], leads to
Le ∼ 1
MΩe
Hd
(
vτ L3τ
c + vμL2μc + veL1ec
)
, (46)
thus yielding a diagonal charged lepton mass matrix, which justi-
ﬁes ignoring charged lepton mixing angle corrections. In a more
realistic model, the charged lepton mass hierarchy may be ac-
counted for via the Froggatt–Nielsen mechanism [40].
The quark sector was not discussed in [39]. Here we suppose
that the up-type quark mass matrix is diagonal, as for the charged
leptons, which may be achieved by treating the quark doublets Q
as A4 triplets and the right-handed up-type quark singlets Uc
as A4 singlets, and using the same ﬂavons as in the charged lepton
sector,
Lu ∼ 1
MΩu
Hu
(
Q ϕτ t
c + Q ϕμcc + Q ϕeuc
)
. (47)
Inserting the ﬂavon VEVs leads to
Lu ∼ 1
MΩu
Hu
(
vτ Q 3t
c + vμQ 2cc + ve Q 1uc
)
, (48)
where, as before, the up-type quark mass hierarchy may be ac-
counted for via the Froggatt–Nielsen mechanism [40].
The quark mixing must arise from the down-type quark mass
matrix. In order to achieve this, the right-handed down-type quark
singlets Dc are assigned as A4 triplets. The down-type quark
Lagrangian takes the form, assuming that the diagonal contrac-
tion Q .Dc is forbidden by suitable messenger arguments,3
3 The messengers responsible for these operators are required to couple to the
bilinear pairs (Q .ϕb)1, (ϕb .Dc)1, (Q .ϕ3)1, (ϕ3.Dc)1 which means that the messen-Ld ∼ 1
M2Ωbb
Hd(Q .ϕb)1
(
ϕb.D
c)
1 +
1
M2Ω33
Hd(Q .ϕ3)1
(
ϕ3.D
c)
1
+ 1
M2Ω3b
Hd(Q .ϕ3)1
(
ϕb.D
c)
1 +
1
M2Ωb3
Hd(Q .ϕb)1
(
ϕ3.D
c)
1,
(49)
where ϕb is a triplet ﬂavon with an alignment,
〈ϕb〉 = vb
( 0
δ2
1
)
, (50)
which may be achieved in a similar way to the ﬂavon ϕτ re-
sponsible for the tau lepton mass [39], here allowing for a small
misalignment δ2 ∼O(ms/mb). Such misalignments are generically
expected to appear at higher order in all the ﬂavon alignments, al-
though here we only assume one particular correction in order to
allow a reasonable ﬁt to Vub/Vcb as discussed below. However the
main point of the model is that the ﬂavon ϕ3 from the neutrino
sector, which is responsible for the reactor angle, also appears in
Eq. (49) and is responsible for Cabibbo mixing, as follows.
The down-type quark mass matrix arising from Eq. (49) is,
Md =mbb
(0 0 0
0 δ4 δ2
0 δ2 1
)
+m33
(
λ2 λ λ
λ 1 1
λ 1 1
)
+m3b
(0 0 λ
0 0 1
0 0 1
)
+mb3
(0 0 0
0 0 0
λ 1 1
)
, (51)
where we assume that the mass parameters mαβ ∼ vd〈ϕα〉〈ϕβ 〉/
M2Ωαβ satisfy mbb ≈mb and m33 ≈ms with m3b,mb3 m33, leading
to md ∼ λ2(m3b −mb3), since the determinant of the mass matrix
vanishes in the limit m3b =mb3.
The fact that we have used the same ﬂavon ϕ3 in the down
sector as in the neutrino sector implies the relation,
Vus = λ +O
(
λδ2
)
, (52)
which veriﬁes that the Wolfenstein parameter λ yields Cabibbo
mixing in the quark sector. In other words, the same parameter
that arises in the ﬁrst component of the vacuum alignment of ϕ3 is
responsible for both neutrino reactor mixing and Cabibbo mixing,
and we identify this parameter with the Wolfenstein parameter λ,
leading to the relation in Eq. (4). Assuming mbbδ2 ∼m33, the mass
matrix Md also implies Vub/Vcb ∼ λ/2, in reasonable agreement
with experiment [1].
5. Summary and conclusion
To summarise, recent data from the Daya Bay and RENO reactor
experiments is consistent with a remarkable relationship between
the smallest lepton mixing angle, θ13, and the largest quark mixing
angle, θC , namely θ13 ≈ θC/
√
2. We have proposed a new mixing
ansatz called Tri-bimaximal-Cabibbo (TBC) mixing which combines
this relation with TB atmospheric and solar mixing. We then dis-
cussed two ways to achieve TBC mixing, summarised as follows:
gers Ω3 and Ωb are required to be colour triplets and antitriplets, which forbids
them from coupling to (Q .Dc). The messengers are also assumed to be A4 singlets
so that they lead to only A4 singlet contractions as indicated by the subscript (· · ·)1.
The ﬂavon ϕb and messenger Ωb are odd under a Zb2 symmetry, such that ϕb only
couples to the messenger Ωb which is coloured and does not enter the lepton sec-
tor. The messenger mass is generated by a ﬁeld Sb which is odd under Zb2 , giving
〈Sb〉ΩbΩb .
S.F. King / Physics Letters B 718 (2012) 136–142 141(i) The ﬁrst approach is based on Cabibbo-like charged lepton
corrections θe12 ≈ θC , starting from a zero neutrino mixing an-
gle θν13 ≈ 0. The desired empirical factor of
√
2 in Eqs. (4), (6)
then arises automatically from Eq. (11), assuming maximal atmo-
spheric neutrino mixing. The suitable mixing patterns are there-
fore those with θν13 = 0 and θν23 = 45◦ . We have considered three
such mixing patterns, namely Tri-Bimaximal (TB) neutrino mix-
ing, Bi-Maximal (BM) neutrino mixing, and the Golden Ratio (GR)
neutrino mixing, which each lead to the Sum Rule in Eq. (14)
where θν12 = 35.26◦,45◦,31.7◦ , respectively. Given the prediction
θ13 ≈ 9.2◦ , the Sum Rule then yields a favoured range of cos δ
in each case, namely δ ≈ ±90◦,±180◦,±75◦ , respectively. These
predictions are testable in future neutrino accelerator experi-
ments [26]. We have indicated how such scenarios may be realised
in Family Symmetry Models with Pati–Salam symmetry.
(ii) The second approach generates a neutrino mixing angle di-
rectly (with no charged lepton corrections), θν13 ≈ θC/
√
2, using the
type I see-saw mechanism with sequential dominance (SD), assum-
ing a particular form of the Dirac neutrino Yukawa couplings in
Eqs. (31) and (38). The desired empirical factor of
√
2 in this case
arises automatically from Eq. (32), assuming maximal atmospheric
neutrino mixing, and θ13 = 0 in Eq. (37), which is satisﬁed if so-
lar mixing is trimaximal as follows from Eq. (38). The conditions
Eqs. (31) and (38) may be justiﬁed using family symmetry breaking
ﬂavons with particular vacuum alignments in the neutrino sector.
The appearance of θC in the ﬂavon ϕ3 misalignment is justiﬁed
by the fact that ϕ3 is responsible for Cabibbo mixing in the quark
sector. The main prediction of the second approach is that, unlike
the ﬁrst approach, TBC mixing in Eqs. (7)–(9) is realised accurately,
up to corrections of order λ2 multiplied by small coeﬃcients. How-
ever, as usual, there will be additional renormalisation group and
canonical normalisation effects which will give additional correc-
tions.
In conclusion, we have proposed the TBC mixing pattern in
Eqs. (7) and (8) and shown how it can be realised in two very
different approaches to quark and lepton mixing, with distinctive
experimental predictions.
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